The oscillator strengths of the H + 2 molecular ion, 1sσg −2pσu, 1sσg −2pπu are calculated within the Born-Oppenheimer approximation. The variational expansion with randomly chosen exponents has been used for numerical studies. The oscillator strengths obtained for the transitions 1sσg − 2pσu, 1sσg − 2pπu of H + 2 are accurate up to ten significant digits. Results are given for the internuclear distances between 0.10 and 20.0 a.u.
I. INTRODUCTION
Many theoretical calculations on the oscillator strengths of the H + 2 molecular ion have been performed since the publication of the first [1] of Mulliken's series of papers on the subject. Bates and his co-workers had done a great deal of work on this molecular system, with special emphasis on the electronic transition probabilities for fixed internuclear separation R for a large number of electronic transitions [2] [3] [4] [5] [6] . The problem was formulated in terms of Jaffe's solution [7] and led to certain integrals in the expression for the transition probabilities which required numerical evaluation. Moreover, using the Hylleraas solution [8] the matrix elements of the electric dipole moment for transition between bound electronic states of the H + 2 molecular ion for any fixed internuclear separation R have been obtained in analytical form [9] . In the last years, with the aid of the new types of variational expansions based on the randomly chosen exponents for the Coulomb three-body problem [10, 11] , within the Born-Oppenheimer approximation, very accurate non-relativistic energies and the improved relativistic corrections of mα 4 and mα 6 orders for the ground state of the ion, as well the more accurate static dipole polarizability for the 1sσ g electronic state of H + 2 molecular ion have been obtained in [12] [13] [14] .
In this work our goal is to obtain more accurate values for the oscillator strengths of the 1sσ g − 2pσ u , 1sσ g − 2pπ u transitions of H + 2 molecular ion within the Born-Oppernheimer approximation than those in [2] and [15] . We want to show that the use of the variational expansion suggested in this work allows an analytical evaluation of the matrix elements and can provide us with very accurate data. In future studies it can be used to obtain more accurate values of moments functions S k (R) as a function of internuclear separation R for the 1sσ g electronic state of the H + 2 molecular ion in the Born-Oppenheimer approximation.
II. THEORY
In what follows we consider the Coulomb two-center problem with the nonrelativistic Hamiltonian
where r 1 and r 2 are the distances from an electron to nuclei 1 and 2, respectively. The oscillator strength f 0n (details can be found in [1, 2] ) can be expressed as
where G is the orbital degeneracy factor, and G = 1 for σ states, G = 2 for π states. Here Q is the transition moments and can be written in the form
where r is a distance of the electron from the center along the internuclear axis:
III. VARIATIONAL APPROXIMATION AND NUMERICAL RESULTS
In order to get a precise solution for the Schrödinger equation
we use the variational approach. A variational wave function for the electronic states of the H + 2 should be symmetrized and is constructed as follows:
where (+) is used for the gerade electronic state and (−) is for the ungerade electronic state, respectively. Parameters α i and β i are generated in quasi-random manner [10, 11] 
⌊x⌋ designates the fractional part of x, p α is a prime number, an interval [A 1 , A 2 ] is a real variational interval, which has to be optimized. Parameters β i are obtained in a similar way. Numerical evaluation of the matrix elements for operators in (2) and (3) is expounded in the Appendix.
In Tables I the energy differences and and oscillator strengths as a function of internuclear separation R for 1sσ g − 2pσ u transitions (E 1 − E 0 and f 01 ) and 1sσ g − 2pπ u transitions (E 2 − E 0 and f 02 ) and comparisons with the previous results are presented. The estimated accuracy of obtained values for the transitions is ten significant digits. In Table II the convergence of the 1sσ g − 2pσ u and 1sσ g − 2pπ u transitions with an increase in the expansion length of the Ψ (equation (5)) is demonstrated for some values of internuclear distance R.
In order to get accurate results we use three sets of basic functions of the type (5) (in a spirit of Ref. [10] ) for small values of internuclear distance R, two sets for intermediate and large values of R, respectively. Total number of the basic function varies from N = 90 to N = 180. In Table II in the second and third columns the numbers of the basis functions employed (equation (5)) for the electronic states 2pσ u and 2pπ u of H + 2 are presented, respectively. In our calculations arithmetics of sextuple precision (about 48 decimal digits) implemented as a FORTRAN90 module has been used.
In all tables the factor x in the brackets means 10 x . Atomic units are used throughout.
IV. CONCLUSION
The oscillator strengths of the H + 2 molecular ion, H + 2 , 1sσ g − 2pσ u , 1sσ g − 2pπ u have been calculated accurately within the Born-Oppenheimer approximation. The variational expansion with randomly chosen exponents has been used for numerical studies. This type of expansion allows us to use few number of basic functions, and even the nonrelativistic energy for the 1sσ g electronic state of the ion can be obtained to 10 −20 a.u. accuracy when the number of basis functions is less than N = 100 [14] .
Previous calculations for the 1sσ g − 2pσ u transitions of the ion for a fairly-restricted internuclear distance R are by Mulliken [1] , Bates [2] , and Dalgarno and Poots [6] . Mulliken [1] used the LCAO approximation and Bates [2] employed the exact two-center wave function for the numerical integral evaluation. Dalgarno and Poots [6] employed the variational method in the calculation. The calculations for the 1sσ g − 2pπ u transition of H + 2 are by Bates, Darling, Hawe and Stewart [4] , Herman and Wallis [9] and Ramaker and Peek [15] . Bates et al [4] used also the exact two-center wave function for the numerical integration. Herman and Wallis [9] obtained the matrix elements for the transitions between bound electronic states of the ion for any fixed internuclear distance R in an analytical form using the Hylleraas solution for the wave functions. Ramaker and Peek [15] performed the calculations for the dipole strengths of the H + 2 molecular ion as functions of wide range of internuclear separation R for all transitions the states which correlate to a proton-plus-hydrogen-atom and have principal quantum number n = 1, 2 or 3, using the exact electronic two-center wave function.
In Table III , we compare our results with earlier ones, which demonstrate the superiority of the newly obtained results. The results obtained for the transitions 1sσ g − 2pσ u , 1sσ g − 2pπ u of H + 2 are accurate up to ten significant digits, that is, six digits more than in [2, 15] . With the help of the results obtained in this Letter, one can recalculate the mean excitation energy for the 1sσ g electronic state of the H + 2 molecular ion employing the functional form of the moment functions S k (R) [16] [17] [18] . This work is in progress now.
Appendix: Analytical evaluation of the matrix elements
The calculation of the matrix elements is reduced to evaluation of integrals of the type
Integers (l, m) are, in general, non-negative, but in case of singular matrix elements one of the indices can be negative. The function Γ 00 can be easily obtained
where R is the distance between nuclei, then Γ lm (α, β; R) for non-negative (l, m) may be generated from (A-2) by means of relation
Worthy to note that a function in square brackets is analytic when argument is zero. Integrals Γ −1,m are generated from Γ −1,0 similar to (A-3):
Function E 1 (z) encountered in (A-4) is the exponential integral function [19] : 
